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■ — • 1 Introduction 



The maximal group of Lie point symmetries of the system 

A^Jt - gpx - fvz = i'x^i'z - i^z^i^x , (i-i) 

Vt + fi^z = i>xVz - i'zVx , (1-2) 

Pi H — i^x = i^xPz - i'zPx (1-3) 
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has been presented in [1]. It is generated by the infinite-dimensional Lie 
algebra spanned by the following operators: 
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2 Conservation law provided by semi-dilation 

Consider the operator Xg from (1.4), 



d d d d d d 

Xs^t- + 2x— + 2z— + 3,P— - 2 fx— + 2— z— 
at ox oz oip ov g op 



(2.1) 



It generates the following one-parameter transformation group with the pa- 
rameter e : 



t = te^, X = xe^, z = ze^, ip = , 

v^v + fx(l-e'''), p^p (l-e^^) 
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(2.2) 



Since some of variables, namely t, x, z and if) are subjected to dilations 
while two other variables transform otherwise, we call (2.2) the semi- dilation 
group. Let us construct the conserved vector provided by this group. 



2.1 Computation of the conservation law density 

We will use the following formula for computing the density of conservation 
laws (see Eq. (3.23) in 



C'^-vW'-j^pW^-i;, {W') - ip, {W^) , (2.3) 
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where (see Eq. (3.16) in [2]) 

^ r/'* - f mJ, a = 1,2, 3. 

These formulas are written using the notation t, x, z, v, p, ip. 
In the case of the operator (2.1) the quantities (2.4) are written: 



(2.4) 



= -2fx - tvt - 2xv^ 



2zv,, 



7V2 

2 — z — tpt — 2xpx — 2zpz 
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(2.5) 



Substituting (2.5) in (2.4) we obtain upon simple calculations: 

2 

C = 2{fxv - gzp) - I + {xD, + zD,) (v'' + ^ p^^ 



(2.6) 



+ (xD, + ^L>,)(|VV'|')+t 



We can drop the last term in (2.6) because it can be written in the divergent 
form upon elimination of Vt, p4 and ipt by using Eqs. (1.1)-(1.3). Indeed, 
it is shown in [2], Section 4.6, that the expression in the square brackets 
(cf. Eq. (4.11) in [2]) evaluated on the solutions of Eqs. (1.1)-(1.3) has the 
divergent form. Multiplication by t does not violate this property. Then we 
use the identities 



{xD^ + zD,) (v^ + jpP' 



{xD, + zD:) (I VV^r) = -2t/;|2 + W^^)] + [<| VV^^)] , 

drop the divergent type terms and obtain the following conserved density: 

C = 2 (^fxv - gzp - Im^^ -2{v' + ^p^ + \V^|J\'). (2.7) 

Finally we note that the last term in (2.7) is the energy density (see Eq. 
(4.17) in [2]). Therefore we eliminate it and conclude that the invariance 
under the semi-dilation with the generator (2.1) provides the conservation 
law with the density 



fxv- gzp- -iWi^l^ 



(2.8) 
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2.2 Conserved vector 

Let us find the components C^, of the conserved vector with the density 
(2.8). We will apply the procedure used in [2], Section 4.7. We have: 

Dt{P) = fxvt - gzpt - {ipxipxt + i^zipzt)- 
Using Eqs. (1.1)-(1.3), we obtain: 

Dt{P) 

- gzil^xpz + gzil^zpx - Dxii/^ipxt) - D^{'ii)'^^t) + i^^A- 



= -fxi/j:, + fxipxVz - fxi/j^^Vx + N'^ZIpx 

(1.1)-(1.3) 



One can rewrite this equation, using Eq. (4.23) from [2], in the following 
form: 

Dt{P) = Dx {N^zi^ + fxi^v, - gziPp, - i^i^xt + ^ip^^i^z) 

(1.1)-(1.3) 2 

- D^{fxilj + fxil^Vx - gzil^px + ipi^zt + ^V'^AV'x)- 
Thus, the generator (2.1) provides the conservation law 
Dt{P) + D,{C^) + D,{C'^0 
with the density P given by (2.8) and the flux given by the equations 

= -N'^zip - fxipVz + gzil}pz + ^il}xt - ^ip'^Aipz, 
= fxip + fxtpvx - gztppx + tpipzi + ^V^^AV^^. 

2.3 Conserved density P of the generalized invariant 
solution 

If we substitute in (2.8) the generahzed invariant solution (5.28)-(5.30) from 
our paper [2], 

i/j = A(A) cos(wt) + B{X) sm{ojt), 
^ Im [B'{X) cos{ujt) - A'{X) sinioot)] , 



V 

UJ 



\B'(X) cos(wt) - A'(X) sm(ujt)] , 
gu 



we obtain: 



P=- (fmx - N^kz) [B'{\) cos(cjt) - A'(A) sin(a;t)] 
- "l-T^ [A'{\) cos{ut) + B'{X) sm{Ljt)] . 



3 Conservation law provided by the rotation 

Taking the rotation generator Xg from (1.4) and proceedings as in Section 
2 we obtain the following conserved density: 



iV2 

Q = vp + fxp zv. 
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(3.1) 



Writing Eqs. (1.1)-(1.3) by using the Jacobians Jii^jv) — i^x'^z — fpz^x, 
etc., we have: 
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+ p[J{ij,v) - flf}^ 



(3.2) 
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+ fx J{ip,p) ^|Jx 



- — z[J{i^,v) - fiij^] 



The reckoning shows that 

vJ{'il),p) + pJ{'il),v) = D^{vp^l)x) - Dxivpi;^), 
xJ{ip,p) - pip^ = D^ixptpx) - Dxixptp^), 

zJ{tp,v) +v^p^ = Dx{zvi)^) - D^{zv'4jx), 

zil)^ - xi^x = D^{zip) - Dx{xtp). 

Substituting these expressions in Eq. (3.2) we conclude that the rotation 
generator Xg provides the conservation law 

with the density P given by (3.1) and the flux given by the equations 



vp + jxp zv 



— zv — vp — jxp 
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4 Summary of conservation laws 



It has been demonstrated in [2] that the system of nonhnear equations 
(1.1)-(1.3) is self-adjoint. This property of the system has been used for 
deriving local conservation laws applying the method developed in [3] to the 
infinitesimal symmetries (1.4). Some of the conservation laws associated 
with these symmetries are trivial, i.e. have vanishing densities. But five 
conservation laws are nontrivial. 

The nontrivial conservation laws obtained in [2] and in the present paper 
are summarized below. For the convenience of the reader, we formulate 
them both in the integral and differential forms. 



4.1 Conservation laws in integral form 



d 
di 



— / / v dxdz — 0. 



— / / pdxdz = 0. 



dxdz — 0. 



(4.1) 
(4.2) 
(4.3) 
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fxv - gzp - - 



dxdz — 0. 



(4.4) 
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di 



vp + jxp zv 
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dxdz = 0. 



(4.5) 



4.2 Conservation laws in differential form 

Dt{v) + D^ivil;,) + D,{fij - vij,) = 0. (4.1') 

D,{p) + i—^ + p^\+ D,{-p^,) = 0. (4.2') 
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= 0. 



(4.3') 



Dt{fxv-gzp--\Vij\' 



+ ( -N zip - fxi;v^ + gzippz + ipi/^xt -7;^ 



(4.4') 
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(4.5') 



The conservation law (4.3) defines the energy of the system. It seems 
that the conservation laws (4.4) and (4.5), unlike (4.3), do not have direct 
analogies in mechanics and should be investigated from point of view of 
their physical significance. 
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